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In [Lluís Puig, Frobenius Categories Versus Brauer Blocks, Progr.
Math., vol. 274, Birkhäuser, Basel, 2009], we introduce the Frobenius
P -categories giving two quite different deﬁnitions of them. In this
paper, we exhibit a third equivalent deﬁnition based on the form of
the old Alperin Fusion Theorem; this theorem can be reformulated
in our abstract setting, and ultimately depends on the behavior
of the so-called F-essential subgroups of P : we call “Alperin
condition” a suﬃcient form of this behavior. Then, we prove that
a divisible P -category F is a Frobenius P -category if and only if all
the partial normalizers of a suitable set of representatives for the
F-isomorphism classes of subgroups of P fulﬁll both the Sylow
and the Alperin conditions.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
1.1. Let P be a ﬁnite p-group and F a divisible P -category. In [5, Ch. 5] we showed that the frame-
work in [4, Appendix] can be translated to F and that, in this context, it makes sense to deﬁne the
F -essential subgroups of P [5, 5.7]. Then, we asked the following question: to what extend the behavior
of the F -essential subgroups of P characterizes the Frobenius P -categories? In this note we give a more
satisfactory answer to this question than what we obtained in [5, Theorem 5.22].
1.2. Let us recall our setting; a divisible P -category is a subcategory F of the category of ﬁnite
groups containing the Frobenius category FP of P [5, 1.8], where the objects are the FP -objects—all
the subgroups of P—and all the homomorphisms are injective, and fulﬁlling the following condition:
1.2.1. If Q , R and T are subgroups of P , for any ϕ ∈ F(Q , R) and any group homomorphism ψ : T → R the
composition ϕ ◦ ψ belongs to F(Q , T ) (if and) only if ψ ∈ F(R, T ).
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for any pair of subgroups Q and R of P , the set of morphisms from R to Q is the free Z-module
ZF(Q , R) over F(Q , R), with the distributive composition extending the composition in F .
1.3. For any two different elements ϕ,ϕ′ ∈ F(Q , R), we call F -dimorphism from R to Q the dif-
ference ϕ′ − ϕ in the Z-module ZF(Q , R); it is clear that the set of F -dimorphisms is stable by
left-hand and right-hand composition with F -morphisms; note that, for any ϕ ∈ F(Q , R), the family
{ϕ′ − ϕ}ϕ′ , where ϕ′ runs over F(Q , R) − {ϕ}, is a Z-basis of the kernel of the evident augmentation
Z-linear map
εQ ,R :ZF(Q , R) −→ Z (1.3.1)
sending any ϕ ∈ F(Q , R) to 1.
1.4. The next elementary lemma [5, Lemma 5.4] relates any “linear” decomposition of an F -
dimorphism with the old partially deﬁned linear combinations introduced in [3, Ch. III]. Moreover note
that, in the case where Q = P , ϕ is the inclusion map ιPR : R → P , and for any i ∈ I , we have μi = ιPQ i ,
Q i = Ri and ϕi = idRi , equalities (1.5.2) below coincide with the decomposition pattern in the original
formulation of Alperin Fusion Theorem [1].
Lemma 1.5. With the notation above, let {Q i}i∈I and {Ri}i∈I be ﬁnite families of subgroups of P and, for any
i ∈ I , let ϕ′i −ϕi be an F -dimorphism from Ri to Q i and μi : Q i → Q and νi : R → Ri be two F -morphisms.
Then, we have
ϕ′ − ϕ =
∑
i∈I
μi ◦
(
ϕ′i − ϕi
) ◦ νi (1.5.1)
if and only if there are n ∈ N and an injective map σ :n → I fulﬁlling
ϕ = μσ(0) ◦ ϕσ(0) ◦ νσ(0),
μσ(	−1) ◦ ϕ′σ (	−1) ◦ νσ(	−1) = μσ(	) ◦ ϕσ(	) ◦ νσ(	) for any 1 	 n,
μσ(n) ◦ ϕ′σ (n) ◦ νσ(n) = ϕ′. (1.5.2)
1.6. According to Yoneda’s Lemma [2, §1], it is meaningful to consider the contravariant functor
hF :F → Ab mapping any subgroup Q of P on ZF(P , Q ) and any F -morphism ϕ : R → Q on the
group homomorphism hF (Q ) → hF (R) deﬁned by the composition with ϕ; denoting by Z :F → Ab
the trivial contravariant functor mapping all the F -objects on the ring of integers Z and all the F -
morphisms on idZ , the family of augmentation maps εP ,Q when Q runs over the set of subgroups
of P deﬁnes a surjective natural map
εF :hF −→ Z (1.6.1)
and we set wF = Ker(εF ), the Heller translate of the trivial functor Z.
1.7. On the other hand, if a :F → Ab is a contravariant functor, let us say that a family S = {SQ }Q
of subsets SQ ⊂ a(Q ), where Q runs over the set of proper subgroups of P , is a generator family of a
whenever, for any proper subgroup Q of P , we have
a(Q ) =
∑
R
∑
ϕ∈F(R,Q )
∑
a∈SR
Z·(a(ϕ))(a), (1.7.1)
where R runs over the set of subgroups of P (such that |R| |Q |).
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subfunctor rF of wF mapping P on wF (P ) and any proper subgroup Q of P on
rF (Q ) =
∑
R
wF (R) ◦ ZF(R, Q ) (1.8.1)
where R runs over the set of subgroups of P such that |R| > |Q |; then, we say that Q is F -essential
whenever rF (Q ) = wF (Q ) and call F -irreducible the elements of wF (Q ) − rF (Q ); coherently, the
elements of rF (Q ) are called F -reducible; actually, any element of rF (Q ) is a sum of a family of
F -reducible F -dimorphisms from Q to P . The following result [5, Proposition 5.9] justiﬁes all these
deﬁnitions.
Proposition 1.9. Let S = {SQ }Q be a generator family of wF , where Q runs over the set of proper sub-
groups of P . The family formed by the F -irreducible elements of S Q , where Q runs over the set of F -essential
subgroups of P , is also a generator family of wF . Moreover, for any F -essential subgroup Q of P , there is
ϕ ∈ F(P , Q ) such that Sϕ(Q ) contains an F -irreducible element.
1.10. Before going further, recall that F is a Frobenius P -category whenever it fulﬁlls the following
two conditions [5, 2.8]:
Sylow condition. The group FP (P ) of inner automorphisms of P is a Sylow p-subgroup of F(P ).
Extension condition. For any subgroup Q of P , any subgroup K of Aut(Q ) and any F -morphism ϕ : Q → P
such that ϕ(Q ) is fully ϕK-normalized in F , there are an F -morphism ψ : Q ·NKP (Q ) → P and χ ∈ K such
that ψ(u) = ϕ(χ(u)) for any u ∈ Q .
Here, ϕK denotes the image of K in Aut(ϕ(Q )) throughout the isomorphism Q ∼= ϕ(Q ) induced
by ϕ and we say that Q is fully K -normalized in F whenever it fulﬁlls [5, 2.6].
1.10.1. For any ψ ∈ F(P , Q ·NKP (Q )), we have ψ(NKP (Q )) = N
ψ K
P (ψ(Q )).
Recall that we say fully centralized or fully normalized whenever K = {1} or K = Aut(Q ), replacing
NKF by CF or NF .
1.11. According to Proposition 1.9, when considering the generator families of wF , it suﬃces to
consider the F -essential subgroups of P . Now, if Q is an F -essential subgroup of P , we have
hF (Q )/rF (Q )  Z and, denoting by F(P , Q ) the image of F(P , Q ) in the quotient hF (Q )/rF (Q ),
it is clear that F(Q ) acts on F(P , Q ) by composition on the right. At this point, it follows
from [5, Theorem 5.11] that if F is a Frobenius P -category then this action is transitive, Q is F -
selfcentralizing [5, 4.8] and we have Op(F(Q )) = FQ (Q ). Note that these facts, Proposition 1.9 and
Lemma 1.5 already prove the Alperin Fusion Theorem in F [5, Corollary 5.14]; thus, we consider the
following condition on F :
Alperin condition. For any F -essential subgroup Q of P , Q is an F -radical and F(Q ) acts transitively on
F(P , Q ).
Here, an F -radical is an F -selfcentralizing subgroup Q of P which fulﬁlls Op(F(Q )) = FQ (Q )
and recall that Q is an F -selfcentralizing subgroup of P if CP (ϕ(Q )) = Z(ϕ(Q )) for any ϕ ∈
F(P , Q ) [5, 4.8]. Moreover, recall that Q is an F -intersected subgroup of P if it is selfcentralizing
and fulﬁlls [5, 4.11]
FQ (Q ) =
⋂
ϕ∈F(P ,Q )
ϕ∗ FP
(
ϕ(Q )
); (1.11.1)
note that an F -radical is an F -intersected subgroup of P .
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is fully K -normalized in F , recall that the divisible NKP (Q )-subcategory NKF (Q ) of F [5, 2.14] is the
subcategory of F where, for any pair of subgroups R and T of NKP (Q ), the set of morphisms from T
to R is the set of elements ϕ ∈ F(R, T ) fulﬁlling the following condition
1.12.1. There are an F -morphism ψ : Q ·T → Q ·R and an element χ ∈ K such that χ(u) = ψ(u) for any
u ∈ Q and that ψ(v) = ϕ(v) for any v ∈ T .
Note that, if F is a Frobenius P -category then NKF (Q ) is a Frobenius NKF (Q )-category too [5,
Proposition 2.16]. Our main purpose in this note is to prove the following result.
Theorem 1.13. A divisible P -category is a Frobenius P -category if and only if, for any subgroup Q of P and
any subgroup K of Aut(Q ) such that Q is fully K -normalized in F , the NKP (Q )-category NKF (Q ) fulﬁlls the
Sylow and the Alperin conditions.
2. Auxiliary results
2.1. In order to prove Theorem 1.13, it is handy to consider partial Frobenius P -categories in the
following sense. First of all, for short we say that a triple formed by subgroup Q of P , a sub-
group K of Aut(Q ) and an F -morphism ϕ : Q → P is extensile whenever there are an F -morphism
ψ : Q ·NKP (Q ) → P and an element χ ∈ K ∩ F(Q ) such that ψ(u) = ϕ(χ(u)) for any u ∈ Q ; thus, the
extension condition above states that any triple formed by subgroup Q of P , a subgroup K of Aut(Q )
and an F -morphism ϕ : Q → P such that ϕ(Q ) is fully ϕK -normalized in F is extensile.
2.2. Let X be a nonempty set of subgroups of P containing any subgroup Q of P such that
F(Q , R) = ∅ for some R ∈ X, and denote by F X the full subcategory of F over X; we say that
F X is a partial Frobenius P -category if F fulﬁlls the Sylow condition and any triple formed by an element Q
of X, a subgroup K of Aut(Q ) and an F -morphism ϕ : Q → P such that ϕ(Q ) is fully ϕK-normalized in F
is extensile. From the proof of [5, Corollary 2.13] it is straightforward to prove the following criterion
that we need here.
Proposition 2.3. With the notation above, assume that F fulﬁlls the Sylow condition. Then, F X is a partial
Frobenius P -category if and only if it fulﬁlls the following two conditions:
2.3.1. For any pair of F -isomorphic elements Q and Q ′ of X fully normalized and fully centralized in F , there
is an F -isomorphism NP (Q ) ∼= NP (Q ′) mapping Q onto Q ′ .
2.3.2. For any element Q of X fully normalized and fully centralized in F and any subgroup R of
NP (Q ) containing Q ·CP (Q ), denoting by F(R)Q the stabilizer of Q in F(R), the group homomorphism
F(R)Q → NF(Q )(FR(Q )) induced by the restriction is surjective.
2.4. Similarly, note that all the deﬁnitions in 1.6 and 1.8 above can be done in F X and then
an element Q of X is F X-essential if and only if it is F -essential; moreover, if F X is a partial
Frobenius P -category, the characterization of the F -essential subgroups Q in [5, Theorem 5.11] still
holds in F X . Here, we also need the lemma [5, Lemma 4.13] which can be restated as follows.
Lemma 2.5.With the notation above, assume that F X is a partial Frobenius P -category. Then, a triple formed
by a subgroup R of P , a subgroup J of Aut(R) and an F -morphism ψ : R → P such that ψ(R) is fully
ψ J -normalized in F is extensile provided there are Q ∈ X having R as a normal subgroup and stabilizing J ,
and an F -morphism η : Q → P extending ψ .
2.6. Finally, we need the following characterization of the Frobenius P -categories [5, Theo-
rem 4.12].
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the following two conditions hold:
2.7.1. If Q is an F -intersected subgroup of P , R is a subgroup of NP (Q ) containing Q and ϕ : Q → P is an
F -morphism fulﬁlling ϕFR(Q ) ⊂ FP (ϕ(Q )) then there is an F -morphism ψ : R → P extending ϕ .
2.7.2. Any divisible P -category F ′ fulﬁlling F ′(P , Q ) ⊃ F(P , Q ) for every F -intersected subgroup Q of P
contains F .
3. Proof of Theorem 1.13
3.1. If F is a Frobenius P -category then it follows from [5, Proposition 2.16] that the NKP (Q )-
category NKF (Q ) above is a Frobenius N
K
P (Q )-category and therefore it fulﬁlls the Sylow and the
Alperin conditions (cf. 1.10 and 1.11).
3.2. Conversely, assume that for any subgroup Q of P and any subgroup K of Aut(Q ) such that Q
is fully K -normalized in F , the NKP (Q )-category NKF (Q ) fulﬁlls the Sylow and the Alperin conditions;
with the notation in 2.2 above, we argue by induction on |P |, ∏Q |F(P , Q )| where Q runs over the
set of subgroups of P , and |X| successively; since F fulﬁlls the Sylow condition, we may assume that
F X is a partial Frobenius P -category but X does not coincide with the set of all the subgroups of P .
3.3. Let Q be a maximal subgroup of P which does not belong to X and, setting
Y = X ∪ {ϕ(Q )}
ϕ∈F(P ,Q ), (3.3.1)
it suﬃces to prove that F Y fulﬁlls both conditions in Proposition 2.3 above; actually, we may assume
that Q = {1}. Let ϕ : Q → P be an F -morphism, set Q ′ = ϕ(Q ) and assume that Q and Q ′ are
different and both fully normalized and fully centralized in F ; then, according either to the very
deﬁnition of F -essential subgroup or to the Alperin condition, in both cases the image ϕ¯ of ϕ in
F(P , Q ) coincides with ιPQ ◦ σ for some σ ∈ F(Q ), where ιPQ denotes the inclusion map Q → P ;
that is to say, the difference ϕ − ιPQ ◦ σ is F -reducible and therefore we have (cf. (1.8.1))
ϕ − ιPQ ◦ σ =
∑
R
∑
θ∈wF (R)
θ ◦ αR,θ (3.3.2)
for suitable αR,θ ∈ ZF(R, Q ), where R runs over the set of subgroups of P such that |R| > |Q |.
3.4. Consequently, it follows from 1.3 that we still have
ϕ − ιPQ ◦ σ =
∑
j∈ J
(
ψ ′j − ψ j
) ◦ μ j (3.4.1)
where J is a nonempty ﬁnite set and where, for any j ∈ J , ψ j and ψ ′j are elements of F(P , R j) and
μ j ∈ F(R j, Q ) for a suitable subgroup R j of P such that |R j | > |Q |; more precisely, applying again
the Alperin condition and arguing by induction on |P : Q |, we actually get
ϕ − ιPQ ◦ σ =
∑
i∈I
ιPUi ◦ (τi − idUi ) ◦ νi (3.4.2)
where I is a nonempty ﬁnite set and, for any i ∈ I , τi is an element of F(Ui) and νi ∈ F(Ui, Q ) for a
suitable subgroup Ui of P such that |Ui | > |Q |.
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in such a way that Q 0 = Q , Q i+1 = τi(Q i) for any i ∈ 	 , Q 	+1 = Q ′ and, denoting by ϕi : Q i ∼= Q i+1
the F -isomorphism induced by τi , the composition of all these isomorphisms coincides with the
isomorphism Q ∼= Q ′ induced by ϕ ◦ σ−1. Moreover, note that Ui contains Q i and Q i+1 for any
i ∈ 	 and, in particular, it belongs to X.
3.6. For any i ∈ 	+1, let us choose ηi ∈ F(P ,NP (Q i)) such that Ri = ηi(Q i) is fully normalized
in F [5, Proposition 2.7] and we may assume that R0 = Q , that R	+1 = Q ′ and that η0 and η	+1
are the corresponding inclusion maps; moreover, for any i ∈ 	 , denote by ψi : Ri ∼= Ri+1 the F -
morphism mapping ηi(u) on ηi+1(ϕi(u)) for any u ∈ Q i . Then, for any i ∈ 	 we claim that we can
apply Lemma 2.5 above to Ri , to Aut(Ri) and to ψi ; indeed, we are assuming that F X is a partial
Frobenius P -category; moreover, it is clear that Ri is a proper normal subgroup of ηi(NUi (Q i)) which
clearly stabilizes Aut(Ri); ﬁnally, the F -morphism
ηi
(
NUi (Q i)
)−→ ηi+1
(
NUi (Q i+1)
)
(3.6.1)
mapping ηi(v) on ηi+1(τi(v)) for any v ∈ NUi (Q i) clearly extends ψi .
3.7. Hence, since Ri+1 is fully normalized in F , it follows from this lemma that there is an
F -morphism ζi :NP (Ri) → P extending χi ◦ ψi for some χi ∈ F(Ri); moreover, since Ri is fully nor-
malized in F , we actually get
ζi
(
NP (Ri)
)= NP (Ri+1), (3.7.1)
so that ζi induces an F -isomorphism ξi :NP (Ri) ∼= NP (Ri+1) mapping Ri onto Ri+1. Finally, the
composition of all these F -isomorphisms when i runs over 	 yields an F -isomorphism NP (Q ) ∼=
NP (Q ′) which maps Q onto Q ′ , proving condition 2.3.1.
3.8. In order to prove condition 2.3.2, we set P ′ = NP (Q ) and we claim that the P ′-category
F ′ = NF (Q ) still fulﬁlls our hypothesis in 3.2 above; more explicitly, if R is a subgroup of P ′ and J
a subgroup of Aut(R) such that R is fully J -normalized in F ′ , we claim that the N JP ′ (R)-category
N JF ′ (R) fulﬁlls the Sylow and the Alperin conditions. Set T = Q ·R and denote by I the subgroup of
automorphisms of T which stabilize Q and R , and act on R via elements of J ; then, from its very
deﬁnition (cf. 1.12), it is easily checked that
NIP (T ) = N JP ′(R) and NIF (T ) = N JF ′(R); (3.8.1)
hence, in order to prove our claim, it suﬃces to prove that T is fully I-normalized in F .
3.9. We actually follow the proof of [5, Lemma 2.17]; for any F -morphism ψ : T ·NIP (T ) → P , set
Q ′ = ψ(Q ), denote by ψ∗ : Q ′ ∼= Q the inverse of the isomorphism Q ∼= Q ′ determined by ψ , and
consider the F -morphism
ιPQ ◦ ψ∗ : Q ′ −→ P (3.9.1)
where ιPQ : Q → P is the inclusion map; it follows from [5, Proposition 2.7] that there is
ξ :NP (Q ′) → P such that Q ′′ = ξ(Q ′) is both fully centralized and fully normalized in F and there-
fore, since Q is both fully centralized and fully normalized in F , it follows from our argument above
applied to Q ′′ and to Q that there is an F -morphism
ζ :NP
(
Q ′
)−→ P (3.9.2)
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the homomorphism
η : T ·NIP (T ) = Q ·
(
R·N JP ′(R)
)−→ P ′ (3.9.3)
mapping w ∈ T ·NIP (T ) on ζ(ψ(w)) belongs to F(P ′, T ·NIP (T )); moreover, since R·N JP ′ (R) ⊂ T ·NIP (T )
and ζ(ψ(Q )) = Q , η determines an F ′-morphism from N JP ′ (R) to P ′ (cf. 1.12.1); hence, since R is
fully J -normalized in F ′ , we get (cf. (3.8.1))
ζ
(
ψ
(
NIP (T )
))= η(N JP ′(R)
)= Nη JP ′
(
η(R)
)⊃ ζ (Nψ IP
(
ψ(T )
))
(3.9.4)
which forces ψ(NIP (T )) = N
ψ I
P (ψ(T )), proving the claim.
3.10. Consequently, if F ′ = F then it follows from the induction hypothesis that F ′ is a Frobenius
P ′-category and, in particular, it fulﬁlls the corresponding condition 2.3.2; thus, since Q is still fully
normalized and fully centralized in F ′ , for any subgroup R of P ′ = NP (Q ) containing Q ·CP ′ (Q ), the
restriction induces a surjective group homomorphism
F(R)Q = F ′(R)Q −→ NF ′(Q )
(FR(Q )
)= NF(Q )
(FR(Q )
)
, (3.10.1)
so that, in this case, F also fulﬁlls condition 2.3.2.
3.11. Finally, assume that P ′ = P and F ′ = F ; we claim that any F -intersected subgroup R of P
(cf. 1.11) contains Q ; indeed, since we have
F(P , R) = (NF (Q )
)
(P , R), (3.11.1)
any ψ ∈ F(P , R) can be extended to ψˆ ∈ F(P , Q ·R) and therefore we have
ψˆ
(
NQ (R)
)⊂ NP
(
ψ(R)
)
, (3.11.2)
so that we get FQ (R) ⊂ ψ∗ FP (ψ(R)); thus, according to equality (1.11.1), we still have FQ (R) ⊂
FR(R) and therefore NQ (R) ⊂ R , which forces Q ⊂ R .
3.12. Firstly assume that Q is not F -intersected; then, we claim that F fulﬁlls the two conditions
in Theorem 2.7 above, so that F is a Frobenius P -category and, in particular, it fulﬁlls condition 2.3.2.
According to 3.11 and to our choice of Q , any F -intersected subgroup of P belongs to X and there-
fore, since we are assuming that F X is a partial Frobenius P -category, condition 2.7.1 holds.
3.13. Moreover, since any F -essential subgroup U of P is F -intersected (cf. 1.11), U belongs to X
and we claim that any divisible P -category Fˆ fulﬁlling Fˆ(P ,U ) ⊃ F(P ,U ) for every F -essential
subgroup U of P contains F ; indeed, let R be a subgroup of P and ψ : R → P an F -morphism;
we may assume that R is not F -essential and then, as in 3.4 above, it follows from Lemma 1.5,
Proposition 1.9 and the Alperin condition that we have
ιPR = ιPU0 ◦ ν0,
ιPUi−1 ◦ σi−1 ◦ νi−1 = ιPUi ◦ νi for any 1 i  	,
ιPU ◦ σ	 ◦ ν	 = ψ (3.13.1)	
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σi ∈ F(Ui) and νi ∈ F(Ui, R); then, since Fˆ is divisible, we have ν0 = ιU0R and, in particular, it be-
longs to Fˆ(U0, R); arguing by induction on 	, we may assume that ν	−1 ∈ Fˆ(U	−1, R) and, since
σ	−1 belongs to F(U	−1) ⊂ Fˆ(U	−1), we get ν	 ∈ Fˆ(U	, R), so that ψ belongs to Fˆ(P , R) since
σ	 ∈ F(U	) ⊂ Fˆ(U	).
3.14. Secondly, assume that Q is F -intersected; since we are assuming that NF (Q ) = F , it is
easily checked that, in this case, equality (1.11.1) forces Op(F(Q )) = FQ (Q ); moreover, since Q is F -
selfcentralizing, in order to prove that condition 2.3.2 holds it suﬃces to consider a subgroup R of P
strictly containing Q and then we have FR(Q ) = FQ (Q ), so that the normalizer K = NF(Q )(FR(Q ))
is a proper subgroup of F(Q ).
3.15. Now, set P ′′ = NKP (Q ) and F ′′ = NKF (Q ); note that P ′′ contains R , that F ′′ fulﬁlls the Sylow
and the Alperin conditions (cf. 3.2), and that we have F ′′(Q ) = K ; since we also have
FQ (Q ) = FR(Q )  F ′′(Q ), (3.15.1)
Q is not F ′′-essential; thus, any nonidentity element ϕ ∈ F ′′(Q ) deﬁnes an F ′′-reducible F ′′-
dimorphism ιP
′′
Q ◦ (ϕ − idQ ) and therefore, as in 3.4 above, it follows from Lemma 1.5, Proposition 1.9
and the Alperin condition that
ιP
′′
Q = ιP
′′
U0 ◦ ν0,
ιP
′′
Ui−1 ◦ σi−1 ◦ νi−1 = ιP
′′
Ui
◦ νi for any 1 i  	,
ιP
′′
U	 ◦ σ	 ◦ ν	 = ιP
′′
Q ◦ ϕ (3.15.2)
for some 	 and, for any i ∈ 	 , a suitable F ′′-essential subgroup Ui of P ′′ and some elements σi ∈
F ′′(Ui) and νi ∈ F ′′(Ui, Q ); note that, since we have Ui ⊂ P ′′ , the image of Ui in F(Q ) normalizes
FR(Q ) and therefore, since Q is F -selfcentralizing, Ui normalizes R .
3.16. Then, for any i ∈ 	 , we claim that we can apply Lemma 2.5 to F X , to Q , to FR(Q ) and to
the F -morphism ϕi : Q → P deﬁned by the restriction of σi ; indeed, Q is a normal proper subgroup
of Ui , Ui stabilizes FR(Q ) and the F -morphism ιPUi ◦ σi :Ui → P extends ϕi . Consequently, it follows
from this lemma that the triple (Q , FR(Q ),ϕi) is extensile and therefore, since NFR (Q )P (Q ) = R , there
exists an F -morphism ψi : R → P extending ϕi ; moreover, since ϕi is the restriction of σi ∈ F ′′(Ui),
ϕi normalizes FR(Q ) and therefore, since Q is F -selfcentralizing, we get ψi(R) = R . Finally, the
composition of the family of F -automorphisms of R determined by {ψi}i∈	 coincides with ϕ; that
is to say, the group homomorphism
F(R) −→ NF(Q )
(FR(Q )
)
(3.16.1)
induced by the restriction is surjective, proving condition 2.3.2. We are done.
References
[1] Jon Alperin, Sylow intersections and fusion, J. Algebra 1 (1964) 110–113.
[2] James Green, Functors on categories of ﬁnite group representations, J. Pure Appl. Algebra 37 (1985) 265–298.
[3] Lluís Puig, Structure locale dans les groupes ﬁnis, Bull. Soc. Math. France, Mémoire 47 (1976).
[4] Lluís Puig, Source algebras of p-central group extensions, J. Algebra 235 (2001) 359–398.
[5] Lluís Puig, Frobenius Categories Versus Brauer Blocks, Progr. Math., vol. 274, Birkhäuser, Basel, 2009.
